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It is shown that the degree pair sequence of any digraph with five or more 
points can be derived from its one point-deleted subdigraphs. 
1. INTRODUCTION 
The problem of reconstructing graphs from point-deleted subgraphs, 
posed by Ulam [17] and later reformulated by Harary [5], has received 
a good deal of attention. Certain classes of graphs have been shown to be 
reconstructable and various invariants have been derived from the 
subgraphs of arbitrary graphs (see [2], [3], [4], [6], [8], [9], [ll], [12], 
V31, D41, WI, and V61). 
The corresponding problem for digraphs was first raised by Harary [5]. 
CONJECTURE. Any digraph D with at least seven points can be re- 
constructed from its point-deleted subdigraphs Di = D - vi . 
The exclusion of digraphs with less than seven points is necessitated 
by the pairs of tournaments in Figure 1. These examples on five and six 
points, and two other pairs on six points, were found by Beineke and 
Parker [l]. The existence of relatively large counterexamples and the 
absence of the type of supportive data which suggests that graphs are 
reconstructable tend to reduce the credibility of the digraph conjecture. 
The only positive results on reconstruction of digraphs are due to 
Harary and Palmer. They have shown that oriented trees with at least 
three endpoints [lo] and non-strong tournaments with at least five points 
[7] are reconstructable. In this paper we show that the degree pair sequence 
of any digraph D with five or more points can be derived from the sub- 
digraphs Di . The tournaments of Figure 1 show that this is not true for 
digraphs with four points. 
In contrast to the simple derivation of the degree sequence of a graph, 
the derivation of degree pair sequences is rather complicated. We first 
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FIGURE I 
present a basic theorem and use it to derive the total degree sequence and 
the in-and-out degree sequences of D from the Di . We then use that 
information to find degree pair sequences of oriented graphs. Finally, that 
partial result is applied in deriving degree pair sequences of arbitrary 
digraphs. 
2. PRELIMINARY RESULTS 
Our basic tool is the following theorem of Harary and Palmer [7], which 
generalizes a result of Kelly [12]. 
THEOREM 1. Let D be a digraph with p > 2 points and H be any digraph 
with n points. Let p = p(H, D) be the number of subdigraphs of D which 
are isomorphic to Hand dejine pi = p(H, Di). Then 
Applying this theorem, we can easily derive certain information. 
COROLLARY 1. For any digraph D with p > 2 points we know from the 
collection of subdigraphs Di 
(a) the number q of arcs, 
(b) the number s of symmetric pairs, 
(c) the total degree of each point vi , 
(d) the number of symmetric pairs on each point vi . 
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We now define an out-i-star to be a digraph consisting of i + 1 points 
and arcs directed from one of them to each of the others. In order to 
find the outdegree sequence of D we first find the number M(i) of out-i-stars 
in D for each i. 
LEMMA 2. The numbers M(p - 2) and M(p - 1) are related as follows: 
(a) M(p - 2) <p - 1 implies M(p - 1) = 0. 
(b) p < M(‘p - 2) < 2(p - 1) implies M(p - 1) = 1. 
(c) 2(p - 1) < M(p - 2) implies M(p - 1) = [M(p - 2)/(p - l)]. 
Proof. All three relations follow at once from 
(p - 1) M(p - 1) < WP - 2) < (P - M(P - 1)) + (P - 1) M(P - 1) 
= p + (P - 2) WP - 1). 
LEMMA 3. For digraphs with p > 5 points, the numbers M(i), i = 1, 
2,..., p - 1, can be foundfrom the subdigraphs Di . 
Proof. By Theorem 1 we know M(i), i = 1, 2 ,..., p - 2. Lemma 2 
leaves M(p - 1) undetermined only in the following cases: 
(4 M(P-22)=p-1, M(p-1) maybe 0 or 1. 
@I M(P - 2) = P, M(p - 1) may be 0 or 1. 
(c) M(p - 2) = 2(p - l), M(p - 1) may be 1 or 2. 
In order to distinguish the correct value, we utilize the (known) number 
M(p - 3). Note that each out-(p - 2)-star contributes p - 2 to the 
number M(p - 3), whereas each out-(p - 1)-star contributes (p - 1) 
(P - 2)/2* 
Case (a). If M(p - 1) = 0 when M(p - 2) = p - 1, then (p - 1) 
(p - 2) < MO, - 3). On the other hand, we have M(p - 3) < (p - 1) 
(p - 2)/2 + (p - 1) = p(‘p - 1)/2 if M(p - 1) = 1. For p > 5, p(p - l)/ 
2 < (p - l)(p - 2), so we can distinguish the two possibilities. 
Case (b). If M(p - 2) = p and M(p - 1) = 0, then M(p - 3) = 
p(p - 2). But, if M(p - 1) = 1, M(p - 3) < 2(p - 2) + (p - 1) 
(p - 2)/2 = (p + 3)(p - 2)/2, which is less thanp(p - 2) ifp is at least 4. 
Case (c). If M(p - 2) = 2(p - 1) and M(p - 1) = 1, then we have 
M(P - 3) = (P - l)(p - 2) + (P - l)(p - 2)/2 = 3(p - ~HP - 2)/2. 
But, if M(p - 1) = 2, M(p - 3) < (p - l)(p - 2) + (p - 2) = p(p -2), 
which is less than 3(p - l)(p - 2)/2 for p 3 4. This completes the proof. 
It is now a simple matter to derive the outdegree sequence. 
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THEOREM 2. The outdegree sequence of any digraph D with p 3 5 points 
can be found from the subdigraphs Di . 
Proof. Note that each point of outdegree j contributes (i) different 
out-i-stars to M(i). Hence if N(j) is the number of points of outdegree 
j we have 
M(i) = 5’ (3 N(j). 
j=i 
Inverting this, we obtain 
N(j) = ‘2 (-l)j+i (j) M(i). 
&j 
Since the values M(i) are known by Lemma 3, the theorem is proved. 
By directional duality, we have the following corollary: 
COROLLARY 2. The indegree sequence of any digraph D with p > 5 
can be found from the subdigraphs Di . 
3. ORIENTED GRAPHS 
We are now ready to find the degree pair sequence of any oriented graph. 
THEOREM 3. The subdigraphs Di determine the degree pair sequence 
of any oriented graph D with p > 5 points. 
Proof. An oriented star having i + j arcs, i directed outward and j 
directed inward, will be called an (i, j)-star. Denote the number of (i, j)- 
stars in D by M(i, j). The degree pair sequence is easily found from the 
numbers M(i, j) as follows. Let N(r, s) be the number of points in D with 
degree pair (r, s). Clearly we have, for every i and j, 
M(i, j) = 5’ 5’ (J(J) IV@, s), 
r=i s-j 
Inverting this system we find 
e-1 8-l 
N(r, s) = C C (-l)r+s+i+i f i M(i, j). 
i=r j=s (K) 
(1) 
(2) 
Thus, if the numbers M(i, j) are known, we can find the degree pair 
sequence. 
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The numbers M(i,j), i + ,j < p - 1, are known by Theorem 1. The 
remainder of the proof is devoted to the derivation of the numbers 
M(i, j), i + j = p - 1. From the Di we derive certain equations involving 
the numbers M(i, j) and we show that the solution which we know exists 
for that underdetermined set of Diophantine equations is unique. To do 
this we first use (2) to show that the numbers M(i,j) can be derived in- 
ductively in certain cases. Using that fact, we show that the degree pair 
sequence is determined if there are no points of outdegree h for some 
h < p - 4. Finally the cases in which every outdegree <p - 4 is pos- 
sessed by some point of D are solved using brute force. In the next few 
paragraphs the bound variable h is used with several different but similar 
meanings. 
Note that M(i,j) = N(i,j) if i + j = p - 1. If for some h the numbers 
N(i,,j),i+j=p-l1,h<i<p-2----,andthenumberN(h,n)are 
known, then N(p - 1 - n, n) can be derived using equation (2) with 
r = h and s = n. If there are no points of some outdegree, say h, this 
procedure allows the derivation of N(h + 1, p - 2 - h), since 
N(h, p - 1 - h) and N(h, p - 2 - h) are known. Proceeding inductively, 
we can find all of the numbers N(i, j), i + j = p - 1, i 3 h. Using (2) we 
can then find all other numbers N(i,j), i > h. 
Now let h be the smallest number such that there are no points of 
outdegree h, so that all N(i,j), i 3 h, are known. The assignment of a 
value to N(h - 1, p - h) determines, by (2), the values of the numbers 
N(h - 1, j), 0 < j < p - h - 1. If a value one unit higher then the 
actual one is assigned to N(h - 1, p - h), then the workings of equation 
(2) give a value to N(h - 1, j) which differs from the actual value by 
Thus the total error in the negative direction on the terms of outdegree 
h - 1 will be the sum of the binomial terms (3) for j odd (or j even-the 
two sums are the same), which is 2~-~-r. Such an error can escape im- 
mediate detection only if there are at least 2p-h-1 points in D of outdegree 
h - 1. But by the choice of h, at least h - 1 points have outdegree less 
than h - 1, so 
2p-h-1+h-l <p. 
This is true only for h >, p - 3, so for h -=c p - 3 any error in the assign- 
ment of a value to N(h - 1, p - h) results in a negative value for some 
number N(h - 1, j), and is therefore detectable. Of course a similar 
analysis is valid in case any other erroneous value is assigned to N(h - 1, 
p - h). If acceptable values are found for the numbers N(h - 1, j), the 
RECONSTRUCTING THE DEGREE PAIR SEQUENCE OF A DIGRAPH 23 
process may be repeated for the numbers of lower outdegree, and we 
are finished. 
Tf the only missing outdegrees of D are larger than p - 4, we need 
special arguments. If D has points of every outdegree, then every point 
has total degree p - 1 and the outdegree sequence determines the degree 
pair sequence. In the remaining cases, let m denote the smallest outdegree 
shared by two or more points. We proceed by cases on m and p, deriving 
in each case the numbers N(i,j), i > p - 4. Using our arguments above, 
the whole set of numbers N(i,j) can be found from these. 
Case 1. m 2 4. We have, as a special case of equation (l), 
M(l,p-33)=2~(2,P-33)+(P--2)~(~,P--2)+~~l,P-33). (4) 
If M(l,p - 3) >p - 2, then N(l,p - 2) = 1 (since N(l,p - 3) < 1, 
N(2, p - 3) < 1, p > 5 and m > 4). There is at most one point of outde- 
gree 1, so N(1, p - 3) = 0, and (4) reduces to 
N(2, p - 3) = &(M(l) p - 3) - (p - 2)). 
If M(1, p - 3) < p - 2, then clearly N(l, p - 2) = 0, and, since 
N(l,p - 3) < 1, (4) gives 
N(2,p - 3) = [ M(l’; - 3)], 
We then proceed inductively using the general case of (4), 
n/r(i - 1, p - 1 - i) = i N(i, p - 1 - i) 
+ (p - i) N(i - 1, p - i) + N(i - 1, p - 1 - i), 
which can be written as 
N(i,p - 1 - i) 
~~(~-~,p-~-~)-(p-~)N(i-l,p--)-NN(i--l,~-----) 
i 
Since every outdegree from 0 to p - 4 is assumed by D, there are at most 
four points of any given outdegree. Also, since we have m > 4, there is 
at most one point of outdegree 3 and one of outdegree 2. Thus, for 
i 3 2, we have N(i - 1, p - 1 - i) < i, and the previous equation 
reduces to 
N(i, p - 1 - i) = 
[ 
M(i- I,p- 1 -i)-(p-i)N(i- l,p-ii) 
i I. 
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Since we have derived N(2, p - 3), repeated application of this equation 
gives us the numbers N(i, j), i + j = p - 1, and we are done using (2). 
Case 2. m < 4, p > 7. Note that m < p - 4, and recall that there 
are points of each outdegree 0 through p - 4. We let b denote the number 
of outdegrees taken on by two or more points and consider the possible 
cases b = 1, 2, or 3. If b = 1 and M(p - 4, 2) < p - 3, then 
N(p - 4, 2) < 1 and N(p - 3, 2) = 0 (note there is at most one point 
of outdegree p - 4 since m <p - 4 so the equation 
M(p - 4, 2) = 3N(p - 4, 3) + (p - 3) NP - 3, 2) + N(p - 4, 2) 
yields 
N(p - 4, 3) = [ M(p ; 4’ 2, ]. 
Similarly, if b = 1 and M(p - 4, 2) > p - 3, we must have N(p - 3,2) = 
1, so 
N(P - 4, 3) = [ 
M(p - 4,2) - (P - 3) 
3 1. 
Now N(p - 2, 1) is easily found using the equation 
M(p - 3, 1) = 2N(p - 3, 2) + (p - 2) NP - 2, 1) + N@ - 3, l), 
since there is at most one point of outdegree p - 3. 
If b = 2 and there are not two points of outdegree p - 4, the argument 
just given is valid, except that for M(p - 4, 2) > 2(p - 3) we have 
3) [ 
- 




3) - = 3 I. 
If there are at least two points of outdegree p - 4, then there are a total 
of at least p - 1 points with outdegrees p - 4 or less (m < p - 4 and all 
outdegrees less than p - 3 are assumed). Thus either there are no points 
of outdegree p - 2 or there are none of outdegree p - 3, or both. Say 
there are none with outdegree p - 2. Then 
M(j - 3, 1) = 2N(p - 3,2) + (JJ - 2) N(p - 2, 1) + N(p - 3, 1) 
yields 
N(p - 3, 2) = [ M(p ; 3’ ‘) ] 
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since N(p - 3, 1) < 1 and N(p - 2, 1) = 0. But we also have N(p - 2, 
1) = 0 and 
N(P - 4, 3) = [ 
M(~ - 4,2) - (p - 3) N(P - 372) 
3 1 , 
so we are finished. If there are no points of outdegreep - 3, the argument 
is essentially the same. 
If b = 3 (i.e., three numbers are used twice as outdegrees) we have 
p points of outdegree p - 4 or less, so N(p - 1,O) = N(p - 2, 1) = 
N(p - 3,2) = 0. and the equation 
M(p - 4, 2) = 3N(p - 4, 3) + (p - 3) Np - 3, 2) + N(p - 4, 2) 
reduces to 
N(p-4,3)= [ M’p;4’2)]. 
Case 3. m < 4, p = 5, 6, or 7. We present only the argument for 
p = 6, since the cases p = 5 and 7 are similar. If m = 0 or 1, then m -=L 
p - 4, so the arguments for case 2 are valid. We deal with the case m = 2, 
omitting the simpler case m = 3. The following arguments are based on 
various cases of equation (2), with IZ = 6. 
If b = 1, the outdegree 2 (and no other) is shared by 2 or more points. 
Thus, if M(2, 2) > 6, N(2, 3) = 2. If M(2, 2) < 6 and M(I) 3) 2 4, 
then N(1,4) = 1 and N(2, 3) = $(M(l, 3) - 4). If M(2, 2) < 6 and 
M(1, 3) < 4, then N(1, 4) = 0, so N(2, 3) = [M(l, 3)/2]. Once N(2, 3) 
is known, all other values are easily found. 
If b = 2, two outdegrees, including 2, are repeated. If there is no point 
of outdegree 1, then N(2, 3) is just M(1, 3)/2. If D has a point of outdegree 
1 and three points of outdegree 2, then there are no points of outdegree 3 
and two of outdegree 4 or vice versa (recall that b = 2). In either case, 
N(4, l), N(3,2), and N(l, 4) are all easily found, and then N(2, 3) is 
derived by a process of elimination. If D has a point of outdegree 1 and 
only two points of outdegree 2, there must be two of outdegree 3 or two 
of outdegree 4 (since b = 2, m = 2, and there cannot be two points of 
outdegree 5). If there are two points of outdegree 4, there must be none of 
outdegree 3, since the outdegrees sum to at most 15, and we are done as 
above. If there are two points of outdegree 3, there may or may not be a 
point of outdegree 4. In the former case every point has total degree 5 
and the outdegree sequence gives the degree pair sequence, and in the 
latter case we can again find the N(i, j) as in the case with three points of 
outdegree 2. 
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4. MAIN THEOREM 
We will derive the degree pair sequence of an arbitrary digraph D as a 
corollary of Theorem 4, which follows five lemmas. Define N(q, r, s) to be 
the number of points of D incident with exactly q unpaired out-arcs, 
r unpaired in-arcs, and s symmetric pairs of arcs. Also, M(i, j, k) denotes 
the number of subdigraphs of D which consist of a central point joined to 
i+ j + k other points, with i of the joins consisting of an out-arc, j an 
in-arc, and k a symmetric pair. In counting these subdigraphs, we do not 
allow splitting of symmetric pairs. The numbers M(i, j, k) with i + j + 
k < p - 1 can be obtained by the method of Theorem 1, figuring the 
numbers pn without allowing splitting of pairs. Finally, the oriented part 
of D, denoted Do, is the oriented graph obtained from D by deleting all 
symmetric pairs. Since Do is oriented, we know (by Theorem 1) all of the 
numbers N(q, r) for Do. We write these as NO(q, r), and note that 
N”(q, r> = C Wq, r, s>. 
S=O 
Thus we know for D the number of points of each outdegree-indegree 
pair. We also have the following relation between the numbers M(i, j, k) 
and N(q, r, s). 
Inverting, we find 
9-l B-l P-1 
jqq, I, s) = c c c (-])i+~+k+~+r+s . . 
cJcs,G, MC j, W. (7) &q jq k=s 
We can now proceed with the lemmas. The arguments are often re- 
miniscent of the oriented case, and many details are omitted. 
LEMMA 3. Zf the numbers N(d, e, f), d jixed, e > c (fixed) and f ar- 
bitrary, are known, then the values N(q, r, s), q > d, r > c, s arbitrary, can 
be found. 
Proof. This follows from repeated application of equation (7). First 
the numbers N(d + 1, r, s) are found, with s = p - d - r - 2. Then the 
numbers N(d + 2, r, s), with s = p - d - r - 3, can be derived, and so 
on. Once all of these values with q + r + s = p - 1 are found, (7) gives 
all other values immediately. 
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LEMMA 4. Zf the numbers N(d, e, f), d jixed, e > b (fixed), and 
0 .<j’<p -d-e - 1, and also the numbers N(d- 1, 6, c), 
O<c<p-d-b,areknown, thenaNN(d-l.r,s),r>b,canbe 
,found. 
Proof. We first use equation (7) with q = d - I, r = b, s = p - 
d-b-l,tofindM(d-l,b+I,p-d-b-l),whichisthesame 
as N(d - 1, b + 1, p - d - b - 1). We then use (7) again, this time with 
q=d-1,r=6+1ands=p-d-6-2,tofindN(d-1,b+2, 
p - d - b - 2). Repeating this, we have all values N(d - 1, r, p - d - r), 
with r > 6. These numbers, in turn, give all desired numbers easily. 
LEMMA 5. Zf the numbers N(d, r, s), fixed d < p - 1, and N(d - 1, 
g, s), jixed g < p - d, are known, then all N(d - 1, r, s) can be found. 
Proof. Lemma 4 immediately gives us the numbers N(d - 1, r, s), for 
r > g. If, for some i < d - 1, there are no points of outdegree i, we are 
done by Lemma 3. Furthermore, if N”(d - 1, h) = 0 for some h < g, then 
all numbers N(d - 1, h, s) would be known, and we could use h instead 
of g in our arguments. So let us suppose that there is at least one point of 
outdegree d - 1 and indegree h, for each h < g, and that there is at 
least one point of outdegree i, for each i < d - I. Note that these con- 
ditions permit at most p - (d - 1) - (g - 1) = p - d - g + 2 points 
of D with outdegree d - 1 and indegree g - 1. Our aim is to find the 
number N(d - 1, g - 1, p - d - g + 1) since, knowing that, we can 
derive the numbers N(d - 1, g - I, s), and then repeat our argument. 
Fromequation (6), with i=d- l,j=g- I and k=p-d-g, we 
have the number 
K=(p-d-g+ l)N(d- l,g- l,p-d--g+ 1) 
+ N(d - 1, g - 1, p- d - g). 
We may assert, then, that 
W- 1, g - 1, P - d - g + 1) = [p _ d _” g + l] C-9 
unless NO(d- I,g- l)dp-d-g+ 1. But note that, if NO(d- 1, 
g - 1) = p - d - g + 2, there are as many points as possible of outde- 
gree d - 1 and indegree g - 1, so that there is exactly one point with 
outdegree d - 1 and indegree h, for each h < g - 1, and also exactly one 
pointwitheachoutdegreei, icd- 1. TfNO(d- l,g- l)=p-d- 
g + 1, we have almost the same situation, except that there is one more 
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point which may be in any position. In either case if N(d - 1, g - 1, 
p - d - g + 1) cannot be determined by equation (8) all of the numbers 
N(q, r, s), q < d - 1, r < g - 1, s arbitrary. are 0, 1, or 2, except for 
q=d-l,r=g- 1. 
We can derive by Lemma 3 the numbers N(q, r, s), q > d. We can use the 
facts of the last paragraph to derive the numbers N(q, r, s) for r > g - 1 
as follows: Suppose first that NO(d - 1, g - 1) > p - d - g + 1, and the 
“extra” point has outdegree at least d - 1. Then by the first sentence 
of the proof, we know the numbers N(d - 1, p - d - 1, 1) and 
N(d - 1, p - d - 1, 0). Since there is only one point of outdegree 
d - 2, we either know the numbers N(d - 2, p - d, 1) and N(d - 2, 
p - d, 0) (if N”(d - 2,p - d) = 0) or we can find them by Lemma 4 
(if N”(d - 2, p - d - 1) = 0). Continuing in this way, we can derive all 
numbers N(q, p - q - 2, 1) and N(q,p - q - 2, 0), for q < d. Knowing 
these numbers, it is an easy matter to derive all numbers N(q, r, s) for 
r > g - 1, using the fact that each is 0 or 1 and equation (6). The re- 
maining case is that N”(d - 1, g - 1) = p - d - g + 1, and the “extra” 
point has outdegree equal to d - b, some b > 1. The argument we have 
just given holds up to the point of deriving N(d - b, p - d + b - 2, 1). 
It fails there only if N”(d - b, p - d + b - 2) = 1, and N”(d - b, 
p-ddb-3)=1.ButnoticethatthenN”(d-b,p-d+b-4)=0, 
so,ifNO(d-b+ 1,p-d++-4)~1,N(d-b+1,p-d+b-4,2) 
is easily found, and then N(d - b, p - d + b - 3, 2), N(d - b, p- d + 
b - 2, l), and N(d - b, p - d + b - 1, 0) can be derived using equation 
(6). If N”(d - b + 1, p - d + b - 4) > 1, so that b = 2 and g = 
p - d - 1, then the correct value of N(d - b, p - d + b - 3, 2) can be 
found from equation (6) with i = d - b, j = p - d + b - 4, k = 2, 
unless d - 1 = g. However, in that case d - 2 # g + 1, so that (6) with 
i=d-b-1,j=p-d++-3,k=2givesN(d-b,p-d++-3, 
2)ifN”(d-b-l,p-d+b-3)=0,andN(d-b,p-d+b-2,l) 
is found from M(d - b - 1, p - d + b - 2, 1) if N”(d - b - 1, 
p - d + b - 3) = 1. The previous argument is then again valid, even 
though one of the numbers N(q, r, s) may be 2, while the others are 0 or 1. 
So now we know all of the numbers N(q, Y, s) which have q > d - 1 or 
r > g - 1, or both, and furthermore all of the numbers NO(q, r) with 
q<d- landr <g- lareeitherOorl,exceptthatNO(d- I,g- l)= 
p-d-gglorp-ddg+2,andoneothervaluemaybe2.1fany 
of the numbers NO(q, g - 1) is zero, we have N(d - 1, g - 1, p - d - 
g + 1) by Lemma 4. Assuming this is not the case, we have at least d - 1 
points of indegree g - 1, besides the p - d - g + 1 (or more) which 
have outdegree A - 1. Also, since none of the values N”(d - n, r) is zero, 
we have another d - 1 points of outdegree d - 1. Thus there are 
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(p - d - g + 1) + (g - 1) + (d - 1) = p - 1 points (at least) which 
have outdegree d - 1 or indegree g - 1. 
Suppose now that at least one of d and g is greater than 2. Then one 
of the numbers N”(q, r), for q < d - 1, r < g - 1, must be zero, since 
there are at least two such numbers. Suppose we assign a value one too 
high to N(d - 1, g - 1, p - d - g + 1). Since all values N(i, j, k) with 
i > d - 1 or j > g - 1 are known, the workings of equation (6) force 
us to give too small a value to both N(d - 2, g - 1, p - d - g + 2) and 
N(d-1,g-2,p-d-g++),un1essd-2org-22szero.1fd-2 
is zero, say, we may assign N(d - 2, g - 1, p - d - g + 2) the correct 
value, but must then assign N(d - 2, g - 1, p - d - g + 1) too small 
a value. In any case, we are forced to make an incorrect entry in the set of 
values for each outdegree-indegree pair, and the errors with the highest 
symmetric degree are all of the same type-smaller than the correct value. 
Looking next at the terms whose indegree and outdegree sum to d + g - 4, 
we have a similar situation, only reversed. Following this argument 
through, we find errors forced for some terms of each outdegree-indegree 
pair. But the numbers N(q, r, s) for which N”(q, r) = 0 are known to be 
zero, so any such error can be detected. 
If d = 1 or g = 1, we are reduced to the situation of Theorem 3, 
although our present conditions allow considerable simplification of the 
arguments. Finally, suppose d = g = 2, so that we are seeking the number 
N( 1, 1, p - 3). An assignment one too high to N(1, 1, p - 3) forces 
N(1, 0, p - 3) and N(0, 1, p - 3) to be taken one too small. The further 
influence, however, is to make N(1, 1, p - 4) p - 3 too small, forcing 
N(l, 0, p - 4) and N(0, 1, p - 4) to be too large by p - 3, which is 
immediately obvious. Thus in every case N(d - 1, g - I, p - d - g + 1) 
can be found. 
LEMMA 6. Zf the numbers N(d, e, f), jixed d < p - 1, are known, there 
exists a point with outdegree d - 1 and indegree k, for each possible k, 
and there exists a point with outdegree q, for each q < d - 1, then the 
numbers N(d - 1, e, f) can be found. 
Proof. The result follows at once from Lemma 5 if N(d - 1, p - d - 1, 
1) can be found. To find that, the method used in Lemma 5 to find the 
number N(d - b, p - d + b - 2, 1) can be employed, with a slight 
modification. We omit the details. 
LEMMA 7. Zf there is a point of outdegree q, for every q, 0 < q < p - 1, 
and a point of indegree r, for every r, 0 < r < p - 1, then all N(q, r, s) 
can be found. 
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Proof, The conditions leave little flexibility in the possible outdegree- 
indegree values for the points of D. In particular, there can be at most 
one outdegree shared by two points, and one such indegree. If some point 
of outdegree 0 does not have indegree p - 2, we are done. For then we 
know N(0, p - 2, I) = N(0, p - 2, 0) = 0, and N(1, p - 2, 0) is known, 
since it is just NO(l, p - 2). Thus we are done, by repeated applications of 
the directional duals of Lemmas 4,5, and/or 6. Similarly, we may assume a 
point of indegree 0 has outdegree p - 2. If there are no other points of 
indegree 0, say, then we know N(q, 0, s) = 0, for q < p - 2, and so, as 
in Lemma 3, we can derive of the values N(q, r, s) with s > 2, using 
equation (7). Once these values are known, the numbers N(q, p - q - 2, 1) 
are easily derived, using (6) and the fact that N(q, p - q - 2, 1) = 0 or 1 
for almost all q. 
So we are left with the case that there is another point of outdegree 0 
and another point of indegree 0. But since there is only one extra point, 
it must have indegree and outdegree both 0, and so it does not interfere 
with the derivation above. The determination of N(0, 0, p - 1) is then 
trivial. 
THEOREM 4. The subdigraphs Di determine the numbers N(i, j, k) for 
any digraph D with p > 5 points. 
Proof. If D has points of outdegree q, for each q, 0 < q < p - 1, and 
also points of every such indegree, we are done by Lemma 7. So suppose 
D has no points of outdegree d, d minimal. (The case in which D has no 
points of some indegree is handled dually.) We then know all values 
N(d, r, s) are zero, and, by Lemma 3, we know all N(q, r, s), q > d. 
If, for some g -C p - d, N”(d - I, g) = 0, we know the numbers 
N(d - 1, g, s) = 0, and can find the numbers N(d - 1, r, s), r > g, by 
Lemma 4. Then Lemma 5 gives us the other numbers N(d - 1, r, s), and 
we can proceed to find the numbers N(d - 2, r, s), N(d - 3, r, s), and so 
forth, using either Lemma 5 or Lemma 6 at each stage, depending on 
whether or not one of the numbers N”(d - k, r) is zero. 
If the numbers N”(d - 1, g) are non-zero for all g < p - d, then we 
merely have to apply Lemma 6, and then continue in the same way. 
COROLLARY 3. The degree pair sequence of any digraph D with at 
least Jive points can be derived from the subdigraphs Di . 
Proof. The number of points of outdegree i and indegree j is just the 
sum of the numbers N(q, r, s) for which q + s = i and r + s = j. 
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